It is known that there are 21 ribbon knots with 10 crossings or fewer. We show that for every ribbon knot, there exists a tangle that satisfies two properties associated with the knot. First, under a specific closure, the closed tangle is equivalent to its corresponding knot. Second, under a different closure, the closed tangle is equivalent to the unlink. For each of these 21 ribbon knots, we present a 4-strand tangle that satisfies these properties. We provide diagrams of these tangles and also express them in planar diagram notation.
I INTRODUCTION
There are 250 knots with 10 crossings or fewer. The list of these knots is commonly referred to as the Rolfsen Table. There are 21 knots in the Rolfsen Table, deemed ribbon knots, that satisfy a particular set of conditions. These knots are 6 1 , 8 8 , 8 9 , 8 20 , 9 27 , 9 41 , 9 46 , 10 3 , 10 22 , 10 35 , 10 42 , 10 48 , 10 75 , 10 87 , 10 99 , 10 123 , 10 129 , 10 137 , 10 140 , 10 153 , and 10 155 . We will show that for each ribbon knot there exists a tangle that satisfies two particular properties associated with the knot. Furthermore, if such a tangle exists for a given knot, then that knot is a ribbon knot. Lastly, we will provide diagrams of such tangles for these 21 ribbon knots and express those tangles in planar diagram notation.
Clasp Singularity
Ribbon Singularity Fig. 1 . A clasp singularity and a ribbon singularity. Let M be the image of a disc D that has been immersed into three-dimensional space. Every knot K is the boundary of such an immersed disc M. In three-dimensional space, M can be drawn so that all of its self-intersections are 1-manifolds. Each of these self-intersections is a singularity curve. Let C be one of these curves. We know that since the C is a selfintersection of M, there are curves C 1 and C 2 in D whose images are C. Consider the endpoints of C 1 and C 2 . Two of these four endpoints have to be on the boundary of D since the endpoints of C are on the boundary of M. If either C 1 or C 2 has both of its endpoints on the boundary of D, the singularity corresponding to the self-intersection C is a ribbon singularity, otherwise it is a clasp singularity. The translucent regions are the immersed discs M, with the gray lines representing the discs' boundaries, the knots K. The black lines are the singularities, the curves C.
We start with the definition of a ribbon knot. Every knot is the boundary of a disc immersed into three-dimensional space. Unless the immersion is trivial and its boundary is the unknot, this disc will have selfintersections, or singularities. Definition 1.1. A ribbon knot is a knot that can be drawn as the boundary of a disc immersed into three-dimensional space that contains only ribbon singularities (see Fig. 1 ). Fig. 2 . The first step in constructing a ribbon knot. We start with a series of discs connected in a chain with arcs. In this case, there are two such discs. We then immerse our structure into three dimensional space, keeping the immersion of the discs trivial. The immersion of the arcs is nontrivial. To turn this into a ribbon knot, all we have to do is unzip the image of the arc into a pair of strands, a ribbon. Unzipping the immersion shown creates the ribbon knot 6 1 .
There is a way to construct a knot that is guaranteed to be a ribbon knot. To do this, instead of immersing a single disc into three-dimensional space, we immerse several such discs, each connected to the next by an arc, resulting in what looks like a string of beads. However, the immersion of each disc must be trivial. We cannot let the discs have self-intersections as this might result in clasp singularities. Fortunately, there are no restrictions on the arcs, so they can freely pass through the images of discs. We present the image of the structure used to create the ribbon knot 6 1 (see Fig. 2 ). Finally, after we immerse our structure we unzip each arc by turning it into a ribbon, two parallel strands tracing out the path of the arc. Note that af-ter the last step, the structure in the diagram above becomes the knot in the diagram below. Proposition 1.2. The above process of generating a knot always produces a ribbon knot.
Proof of Proposition. After applying the above process, the only singularities in the resulting knot will arise where the ribbons intersect the embedded discs. We see that the resulting curves of self-intersection do not touch the edges of the discs. However, since the curves go right down the width of the ribbons, they do touch the boundaries of those ribbons. Thus, all of the singularities in the knot will be ribbon singularities since the curves of self-intersection have both endpoints on the ribbon, as opposed to having one on the ribbon and the other on the disc's boundary. Thus the knot will be a ribbon knot by Definition 1.1 (see Fig. 1 ). Fig. 3 . A ribbon presentation of 6 1 . Note that there are two rectangular components which are the images of the boundaries of two discs. The ribbon connecting them is constructed by unzipping the image of an arc that connected the discs, thereby replacing a single strand with a pair. Since the only singularities in ribbon presentations can arise where the ribbons go through the components, any ribbon presentation is a knot diagram of a ribbon knot.
A ribbon presentation is a knot diagram which consists of components and ribbons, all satisfying certain properties. If we represent the components as a row of several large rectangles, and the ribbons as pairs of parallel strands which connect each component to the next, then the ribbons may go through and loop around the components, but are not allowed to go through other ribbons. If a knot diagram satisfies these properties, it is a called a ribbon presentation. We give a ribbon presentation of knot 6 1 in Fig. 3 .
Note that a ribbon knot generated by the process described earlier can be drawn as a ribbon presentation. It suffices to map each disc to a rectangle and when we unzip the arcs to form ribbons, the result will become a ribbon presentation.
Any ribbon presentation is a knot diagram of a ribbon knot. If we have a ribbon presentation of some knot, we start by filling in the image of the disc whose boundary is the knot. We see that all of the singularities occur where the ribbons pass through the large rectangular components. We also observe that all of those singularities are ribbon singularities so any knot expressed as a ribbon presentation is a ribbon knot, making the name appropriate (see Fig. 1 ). Note that while this is similar to the proof of Proposition 1.2, we emphasize that it is not necessary to use the process of generating ribbon knots described earlier to find out if a ribbon presentation is a knot diagram of a ribbon knot.
II TANGLES
Another important structure that we need to define is that of a tangle. A tangle is a collection of crossings with a certain number of loose ends. An n-strand tangle will have 2n such ends.
4. An n-strand tangle T. In a tangle, the ends do not have to be drawn along the top and bottom of the tangle, this is done for convenience. The 2n ends can be located anywhere on the perimeter. We label the ends of an n-strand tangle from t 1 to t n along the top and b 1 to b n along the bottom. Here, the dashed strands are tangled and cross many times, but link up the corresponding ends along the top and the bottom the way they do in a pure braid.
For convenience, a tangle is often drawn like a pure braid, with n ends along both the top and the bottom. Thus, if we were to follow any strand of a tangle, we would end right below from where we started. We denote the tops of the strands by t 1 , t 2 , . . . , t n , and the bottoms by b 1 , b 2 , . . . , b n (see Fig. 4 ). This means that t k is connected through the tangle to b k , where k = 1, . . . , n is the strand index. We will also denote the space of all n-strand tangles with T n . Note that the space of all knots is isomorphic to T 1 as a knot is merely a 1-tangle with t 1 joined to b 1 .
A closure of a tangle is an operation which stitches some of the ends of the tangle together. Note that ends can only be stitched together in pairs. Unless we are applying a closure to a tangle in T 1 , stitching together a pair of ends of a tangle in T n results in a tangle in T n−1 . By appropriately stitching every single end of a tangle, we can turn that tangle into a knot. Definition 2.1. For a 2n-strand tangle T , we define the top closure τ : T 2n → T n of T to be the closure that stitches together the pairs (t 1 , t 2 ), (t 3 , t 4 ), . . . , (t 2n−1 , t 2n ) to create the n-strand tangle τ(T ) (see Fig. 5 ).
Definition 2.2. For a 2n-strand tangle T , we define the bottom closure β : T 2n → T n of T to be the closure that stitches together the
Fig. 6. The full closure of a 2n-strand tangle T. It is important to note that the full closure reproduces the top closure along the bottom ends, and closes the top ends similarly, but offset by 1 strand. This closure leaves ends t 1 and t 2n open. After the closure, the tangle has only 1 strand instead of 2n. We denote this closure φ (T ).
Definition 2.3. For a 2n-strand tangle T , we define the full closure φ : T 2n → T 1 of T to be the closure that stitches together the pairs Fig. 6 ).
Note that the stitchings applied by β are a subset of those applied by φ .
If the inside of a 2n-strand tangle T is trivial, meaning that T is an untangle and that it has no internal crossings, then closing the strands along the top and bottom in adjacent pairs by applying both τ and β will allow us to create the n-component unlink, U.
Where: β = the bottom closure τ = the top closure T = a 2n strand untangle U = the n-component unlink
We note two things about (1). First, the choice of order when applying β and τ is irrelevant as the operations commute. Second, the relation (1) can still be satisfied even if T is not an untangle. A simple example of such a tangle T is a 2-strand tangle with just one crossing.
Having defined our closures, we now prove our main result on the existence of a common property of all ribbon knots. Theorem 2.4. A knot K is a ribbon knot if and only if there exists a 2n-strand tangle T such that (β • τ)(T ) is the n-component unlink and φ (T ) creates a 1-strand tangle equivalent to K.
Proof. We begin by proving the "only if" direction. First we show that there exist surfaces bounded by (β • τ)(T ) that do not have any singularities.
We assume that (β • τ)(T ) is the ncomponent unlink. Any n-component link is the immersion of n discs into threedimensional space. By applying a continuous spatial deformation f to our unlink, we turn it back into the boundaries of its original discs. Applying the inverse transformation, f -1 , to the original discs, will result in the boundaries of the discs being deformed to end up as our unlink, while the surfaces will get continuously deformed. Since the surfaces of the original discs did not intersect, neither will they after deforming them continuously. Thus, we can draw surfaces bounded by (β • τ)(T ) with no singularities. Fig. 7 . A modified version of (β • τ)(T ). Here, we have connected each of the strands forming the stitchings along the top to the next one with a pair of strands. Note that this results in one long strand running along the top of the knot, so these connections are just φ (T ) with the added connection (t 1 , t 2n ).
Since (β • τ)(T ) is the n-component unlink, it is composed of n unknots. Each of those unknots can be connected to the next one with a thin ribbon by adding a ribbon between neighbouring strands connecting the pairs (t 1 , t 2 ), (t 3 , t 4 ), . . . , (t 2n−1 ,t 2n ) (see Fig. 7) . As a result, we will have created φ (T ) with the added stitching (t 1 , t 2n ). Note that since all we added were thin ribbons, they only pass through the surface whose boundary is the knot, thereby only forming ribbon singularities. This is true for exactly the same reasons that a ribbon presentation is a knot diagram of a ribbon knot.
As a result, we have shown that (β • τ)(T ) contains no singularities and the addition of our ribbons only added ribbon singularities. Since the result is φ (T ) with the stitching (t 1 , t 2n ) and is identical to our knot K, we have shown that K is a ribbon knot, thereby proving one direction of the theorem.
Conversely, we will show how, from any ribbon knot K, we can algorithmically construct a tangle T satisfying the necessary conditions. First, consider an arbitrary n-strand tangle T . We place all 2n of its ends along the top and number them from t 1 to t 2n . We will show that this can be used to construct a tangle with ends both along the top and the bottom, which will later give us the desired tangle. Lemma 2.5. For any n-strand tangle T with all 2n of its ends placed along the top, there exists a 2n-strand tangle T such that β (T ) = T (see Fig. 8 ).
Proof of Lemma. Each of T 's n strands starts at one of the ends along the top, comes down, weaves through the tangle, and then comes out of the tangle through another end along the top. Thus, these n strands effectively look like n hanging loops that have been twisted together. All we need to do is to stretch each of these loops downwards until they are lowered past the bottom edge of the tangle. Then, we simply cut each of the loops, resulting in 2n strands, which we can reorder so that their order matches that of their respective strands along the upper edge.
What is left inside the boundaries of the tangle is a 2n-strand tangle such that applying the bottom closure to it gives T . Thus, this tangle satisfies the properties of T , which means that not only does such a T always exist, but we also know how to construct it. Fig. 9 . A ribbon presentation of a knot after all of its intersections were enclosed in one large tangle labeled R. The components of the knots are depicted exactly as they are, while the intersections of the ribbons and the components are not shown.
We start our construction of T from a ribbon presentation of the ribbon knot K. We enclose the lower halves of the components of that ribbon presentation of K in one large tangle R. Next, we move all of the ribbons so that the locations where they connect to the components are above R, but all their crossings occur inside R (see Fig. 9 ). This can be done since we can pull the ribbons into R, regardless of whether they are twisted around the components or each other. Fig. 10 . A ribbon presentation of a knot after all of its intersections were enclosed in one large tangle labeled R and all of the ribbons were pulled out of it. The ribbons outside of the knots are depicted exactly as they are, while the intersections of the components are not shown.
After we have enclosed the knot in a tangle, we attempt to pull all of the ribbons out of R. To pull a given ribbon up out of R, we need to make sure that there is nothing inside R that is above the ribbon. However, there will generally be parts of the components that the ribbon wraps around. What we do now is simply move those strands of the components up and around the rest of the knot. The components will end up back in R and we will be free to raise the ribbons up out of R (see Fig. 10 ). Since we have moved various other parts of the knot in and out of the tangle R, we give the resulting tangle the name R . Note that at this point, the components in R are twisted, whereas the components in R only intersected the ribbons.
As this last step is the most complicated part of the proof, we show how this is done for the simplest ribbon knot, 6 1 . We start by examining the knot's ribbon presentation. Our goal is to be able to lift the ribbon out from the knot so we position it going nicely from left to right. We start by moving the top of the ribbon to the left and the bottom of the ribbon to the right. We now want to make the ribbon horizontal so we move the left half of the knot down and the right half of the knot up. This straightens the ribbon. There are two loops around the ribbon that are preventing us from pulling it up. We remove the left one first by moving the back part of the loop backwards and downwards and moving the front part towards us and downwards. Although the component on the right is drawn smaller, this does not affect our steps in deforming the knot. Finally, to remove the last loop, we slide it around the component on the right. This leaves nothing above the ribbon, allowing us to pull it up above the rest of the knot. We then enclose everything below the ribbon in one large tangle. This tangle is what we need. To prove that the tangle in the diagram is the one we seek, we simply need to apply our closures (see Fig. 15 ). If we were to apply the top and bottom closures to that tangle, we would get the two-component unlink, as required. Now, we continue the general proof, assuming that we have just pulled up the ribbons of the knot we were working with. Fig. 16 . Here, T is a tangle such that β (T ) = R . The existence of such a tangle is guaranteed by Lemma 2.5. Note that this knot is φ (T ) with the added stitching (t 1 , t 2n ).
Note that R is a tangle with an even number of ends placed along the top. We will say that R has 2n ends. By Lemma 2.5 we know that there exists a tangle, which we will preliminarily name T , such that β (T ) = R . Note that the knot we have created with the tangle R at the bottom is equivalent to φ (T ) with the added stitching (t 1 , t 2n ) since the top part of the knot has no intersections anymore (see Fig. 16 ). Also note that this knot is still equivalent to K as we have merely deformed a ribbon presentation of K. Thus we have shown that there exists a tangle T satisfying one of the conditions of the theorem. All we have left to show is that (β • τ)(T ) is the ncomponent unlink.
We know that since every ribbon knot has a ribbon presentation, removing the ribbons connecting the components of the knot results in the n-component unlink (see Fig. 3 ). This is true because when constructing a ribbon knot, we only immerse the ribbons, while the discs are embedded. Thus, without the ribbons, we get the n component unlink.
Note that τ(T ) is similar to φ (T ) with the added stitching (t 1 , t 2n ) . The only difference between the two is the ribbons in the latter that are not present in the former (see Fig. 16 ). However, we point out that removing the ribbons from a ribbon presentation leaves just the components, which are equivalent to an unlink. Since τ(R ) is equivalent to K with the ribbons removed, τ(R ) is an unlink, so (β • τ)(T ) is an unlink as well. Therefore, T satisfies the conditions of the theorem.
III SYMMETRIC UNIONS
The proof of Theorem 2.4 gives us a way of finding a tangle satisfying the stated properties. All that it requires is a ribbon presentation of a knot. However, we notice that it was easier to find such tangles for the first 21 ribbon knots by using their symmetric unions.
It is known that all 21 ribbon knots with 10 crossings or fewer can be drawn as symmetric unions (see [3] and [2] ). This helps us find tangles satisfying the conditions of Theorem 2.4. This is due to the fact that the easiest way to construct a tangle satisfying these conditions is to cut the knot in several places, which will almost automatically satisfy the condition that the full closure of the tangle must be equivalent to the knot. The other condition, that a particular closure of the tangle must create the unlink, is harder to satisfy. Note that the fusing number of each of the first 21 ribbon knots is 1 and the knots' tangles can be drawn with only 4 strands.
These tangles are obtained from the original knots by cutting the knot in four places. The stitchings that would undo our cuts are (t 1 , t 4 ), (b 1 , b 2 ), (t 2 , t 3 ), and (b 3 , b 4 ). From this alone, it is clear that the resulting tangle will satisfy the second condition of Theorem 2.4, that its full closure with one additional stitching will be the original knot. Now we just need to ensure that the top and bottom closures of our tangle result in the unlink.
The locations of the cuts that result in the ends b 1 , b 2 , b 3 , and b 4 are not important, but the two cuts resulting in the top ends are. In a symmetric union, the central axis contains crossings and at least two bridges. One of these bridges is moved up until it is the uppermost part of the knot on the axis. ≡ ⇓ ≡ Fig. 17 . A visual representation of an implication involving tangles. This shows that if a knot is a symmetric union represented by a tangle R, its reflection R, a series of crossings and bridges X, and the appropriate connections, then cutting and reconnecting the strands in a certain manner results in the closed untangle U. Here, the knot has been cut just outside of the upper bridge and the ends were connected symmetrically across the axis. Afterwards, the inner connection was pulled under the original bridge.
After moving the bridge to the top of the knot diagram, we follow the bridge both ways until we reach a strand that crosses the strand of the bridge. Then, we move along those strands to the outside of the knot and make our two cuts there (see Fig. 17 ). These cuts form the four upper ends of the resulting tangle for any of our 21 ribbon knots. This raises the question of whether this can be generalized to all ribbon knots.
Question 3.1. Could the locations of the cuts between (t 1 , t 4 ) and (t 2 , t 3 ) for any ribbon knot in a symmetric union presentation be generalized in order to be along the two strands that are first to cross a bridge?
It is known that all symmetric union presentations are ribbon knots, but it is unknown whether every ribbon knot has a symmetric union presentation. The answers we seek might depend on whether or not this is true.
To show how the tangle is obtained from a symmetric union, we demonstrate the process for the simplest ribbon knot, 6 1 . We start by drawing 6 1 as a symmetric union. Fig. 18 . The ribbon knot 6 1 drawn as a symmetric union. The axis of symmetry is vertical.
We need to verify that we can obtain the unlink by making the cuts and stitchings between the four top ends. As mentioned, for the 21 ribbon knots with 10 crossings or fewer we can always make our cuts in a generalized location (see Question 3.1). Here, this location is on the two handles in the upper right and upper left corners. Having cut there, we stitch the ends that will later become (t 1 , t 2 ) and (t 3 , t 4 ). Fig. 19 . The knot 6 1 with the connections (t 1 , t 4 ) and (t 2 , t 3 ) severed and stitchings between (t 1 , t 2 ) and (t 3 , t 4 ).
We now start to untangle this knot by untwisting the crossing in the middle of the knot. Now that we know that our cuts were made in the right place, we can label the ends both along the top and bottom with the labels 1 through 4. This will let us know where to move the ends to construct our tangle. By pulling on the strands of the knot and adding a few kinks and crossings, we arrange the ends along the top and bottom in the proper order, creating the tangle we seek. IV DATABASE By applying the process described in Theorem 2.4 to each of the 21 ribbon knots, we were able to find the corresponding tangles. We write down the tangle information of each of them by enumerating all of the edges from a common starting point. We use t 1 and then proceed downwards. The edge descending from t 1 is labeled 1, and the value increments each time it passes through a crossing. We then write down the planar diagram information for the knot. Each crossing is labeled with X i, j, k, l where i is the index of the lower incoming edge and the remaining indices proceed counterclockwise (see Fig. 24 ). The flow of the tangle is down the first strand, up the second, down the third, and then up the fourth. Fig. 25 . This depicts all the segments of knot 6 1 as numbered. The numbering starts from t 1 and proceeds downwards. The tangle values of 6 1 , the values of the edges along the three connections from strands 1 to 4, are (9, 13, 17).
We also need to know where the strands of the tangle have been cut, so we need to know the three numbers given to the connections (b 1 , b 2 ), (t 2 , t 3 ), and (b 3 , b 4 ) in that order. We do not need to specify the value for (t 1 , t 4 ) as it is always 1. For the knot 6 1 , the tangle values are (9, 13, 17) (see Fig. 25 ).
We present these tangles for all 21 ribbon knots with 10 crossings or fewer, drawn with the full closure and the connection (t 1 , t 4 ) added, effectively recreating the original knots. We also present the planar diagram notation and tangle values of each of the knots as they appear in the table (see below). All of the data in the second table is also available online at http://tiny.cc/RibbonKnotDB.
V RECTIFYING A KNOT TABLE
A symmetric union of a knot is not the only way to guarantee that we can find where to cut the knot to create our tangles. It is easy to show that this can always be done for any ribbon knot that has a 2-component ribbon presentation. To do this, we cut each component in one place, as well as cut right across the width of the ribbon, thereby making two cuts there and four cuts in total.
The author was originally planning on using [1] to accomplish this, as it includes a table of 2-component ribbon presentations of all of the ribbon knots with 10 crossings or fewer. However, since both the symmetric unions in [2] and [3] and the ribbon presentations in [1] contained far more crossings than the minimal crossing number of the respective knots, they were verified for accuracy by computing both their Alexander and Jones polynomials.
It was found that the Alexander polynomials of all of the knots in [1] were correct, but the Jones polynomials of four of the knots were not. These knots are 9 27 , 10 42 , 10 75 , and 10 99 . The reason for this might be that a double delta move was accidentally performed while in search of a ribbon presentation as the double delta move preserves the Alexander polynomial.
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